The inclusive hadroproduction of two heavy quarks, featuring a large separation in rapidity, is proposed as a novel probe channel of the Balitsky-Fadin-KuraevLipatov (BFKL) approach. In a theoretical setup which includes full resummation of leading logarithms in the center-of-mass energy and partial resummation of the next-to-leading ones, predictions for the cross section and azimuthal coefficients are presented for kinematic configurations typical of current and possible future experimental analyses at the LHC. *
Introduction
The study of high-energy reactions falling in the so-called semi-hard sector [1] , where the scale hierarchy, s Q 2 Λ 2 QCD (s is the squared center-of-mass energy, Q the hard scale given by the process kinematics and Λ QCD the QCD mass scale), strictly holds, definitely represents an excellent channel to probe and deepen our knowledge of strong interactions in kinematic ranges so far unexplored.
In the Regge limit, s |t|, fixed-order calculations in perturbative QCD miss the effect of large energy logarithms, entering the perturbative series with a power increasing along with the order, thus compensating the smallness of the strong coupling, α s . The BalitskyFadin-Kuraev-Lipatov (BFKL) [2] approach represents the most powerful tool to resum to all orders, both in the leading (LLA) and the next-to-leading (NLA) approximation, these large-energy logarithmic contributions. In the BFKL framework, the cross section of hadronic processes can be expressed as the convolution of two impact factors, related to the transition from each colliding particle to the respective final-state object, and a process-independent Green's function. The evolution of the BFKL Green's function is controlled by an integral equation, whose kernel is known at the next-to-leading order (NLO) both for forward scattering (i.e. for t = 0 and color singlet in the t-channel) [3, 4] and for any fixed, not growing with s, momentum transfer t and any possible two-gluon color state in the t-channel [5] [6] [7] .
Our ability to study reactions in the BFKL approach is however restricted by the exiguous number of available impact factors, since just few of them are known with NLO accuracy: 1) colliding-parton (quarks and gluons) impact factors [8] [9] [10] [11] , which represent the common basis for the calculation of the 2) forward-jet impact factor [12] [13] [14] [15] [16] and of the 3) forward light-charged hadron one [17] , 4) the impact factor describing the γ * to light-vector-meson leading twist transition [18] , and 5) the γ * to γ * transition [19, 20] . Pursuing the goal to get a more exhaustive comprehension of this high-energy regime, a significant range of semi-hard reactions (see Ref. [21] for applications) has been proposed so far: the diffractive leptoproduction of one [22] [23] [24] or two light vector mesons [25] [26] [27] [28] , the inclusive hadroproduction of two jets featuring large transverse momenta and well separated in rapidity (Mueller-Navelet channel [29] ), for which several phenomenological studies have appeared so far [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] , the inclusive detection of two light-charged rapidity-separated hadrons [45] [46] [47] , three-and four-jet hadroproduction [48] [49] [50] [51] [52] [53] [54] [55] [56] , J/Ψ-jet [57] , hadron-jet [58] [59] [60] and forward Drell-Yan dilepton production [61] [62] [63] with a possible backward-jet tag [64, 65] .
In this work we introduce and study within NLA BFKL accuracy a novel semi-hard reaction, i.e. the inclusive emission of two rapidity-separated heavy quarks in the collision of two protons (hadroproduction). In Refs. [66, 67] a process with the same final state was considered, but produced through the collision of two (quasi-)real photons (photoproduction) emitted by two interacting electron and positron beams according to the equivalent-photon approximation (EPA). For center of mass energies much larger than the hard scale of the process, given here by the heavy-quark mass, the prerequisites are fulfilled for a theoretical description within the BFKL approach. Similarly to the treatment of the photoproduction case in Refs. [66, 67] , we will convolute leading-order impact factors with the NLA BFKL Green's function. In this approximation, the hadroproduction process is initiated at partonic level by a gluon-gluon collision:
where Q stands for a charm/bottom quark or the respective antiquark. In Fig. 1 we present a pictorial description of this process, in the case when the tagged object from the upper (lower) vertex is a heavy quark with transverse momentum q 1 (q 2 ). The aim of this paper is to provide predictions for cross section and azimuthal coefficients of the expansion in the (cosine of the) relative angle in the transverse plane between the flight directions of the two tagged heavy quarks, to be compared with current and future experimental analyses at the LHC. We will see that in the same kinematical conditions where the photoproduction process was considered in Refs. [66, 67] , the hadroproduction mechanism leads to a much higher cross section. Moreover, we will consider in detail the inclusive hadroproduction of two bottom quarks and present a phenomenological analysis tailored on the kinematics and the energies of the LHC, proposing it as a new channel for the investigation of the BFKL dynamics at hadron colliders.
The work is organized as follows: Section 2 is to set the theoretical framework up; Section 3 is devoted to our results for cross sections and azimuthal coefficients and correlations as a function of the rapidity interval, ∆Y , between the tagged heavy quarks; Section 4 carries our closing statements and some outlook.
Theoretical setup
For the process under consideration (see Fig. 1 ) we plan to construct the cross section, differential in some of the kinematic variables of the tagged heavy quark or antiquark, and some azimuthal correlations between the tagged fermions. In the BFKL approach the cross section takes the factorized form, diagrammatically represented in Fig. 2 , given by the convolution of the impact factors for the transition from a real gluon to a heavy quark-antiquark pair with the BFKL Green's function G.
In our calculation we will partially include NLA resummation effects, by taking the BFKL Green's function in the NLA, while the impact factors are kept at leading order. Figure 1 : Diagrammatic representation of the heavy-quark pair hadroproduction in the case when a heavy quark with transverse momentum q 1 (q 2 ) from the upper (lower) vertex is tagged.
Figure 2: Schematic representation of the BFKL factorization for the heavy-quark pair hadroproduction.
here q = (E, q, q ) and the rapidity can be expressed as
Accordingly, the rapidities of the two tagged quarks in our process are
and
whence their rapidity difference is
For the semi-hard kinematics we have the requirement
therefore we will consider the kinematics when ∆Y
In what follows, we will need a cross section differential in the rapidities of the tagged quarks. For this reason we adopt the change of variables:
which implies
The BFKL cross section and azimuthal coefficients
The differential cross section for the inclusive production of a pair of heavy quarks separated in rapidity can be cast in the form:
6 where ϕ = ϕ 1 − ϕ 2 − π, while C 0 gives the, ϕ-averaged, cross section summed over the azimuthal angles, ϕ 1,2 , of the produced quarks, and the other coefficients, C n , determine the distribution of the relative azimuthal angle between the two quarks. The expression for the C n coefficient is the following (see, e.g., Ref. [38] ):
where
are the eigenvalues of the leading-order BFKL kernel, with ψ = Γ (x)/Γ(x), and
is the first coefficient of the QCD β-function, responsible for running-coupling effects. The function f (ν) is defined by
with s i , i = 1, 2 the hard scales in our two-tagged-quark process, which are chosen to be equal to m
, and
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The presence in the latter formula of the combination ϕ 2 + π is due to the fact that, in the second impact factor, the Reggeon is outgoing instead of incoming. The scale s 0 can be arbitrarily chosen, within NLA accuracy; in this calculation, the choice s 0 = √ s 1 s 2 has been made. It is worth to remark that Eq. (19) is written for the general case when two heavy quarks of different masses m 1 , m 2 are detected.
The proton-proton cross section
In order to pass from the gluon-initiated process to the one initiated by proton-proton collisions, we must take into account the distribution of the gluons inside the two colliding particles,
with f g i , i = 1, 2 being the gluon collinear parton distribution functions and dσ gg the cross-section in Eq. (27) . Therefore the final expression for our observable is
stands for the n th azimuthal coefficient integrated over the ( q 1,2 , y 1,2 ) phase space and the rapidity separation between the two tagged quarks is kept fixed to ∆Y .
The "box" QQ cross section
In this section, we consider, for the sake of comparison, the lowest-order QCD cross section for the production of a heavy quark-antiquark pair in proton-proton collisions. This process, which we dub "box" with a little abuse of terminology, does not represent a background for the inclusive reaction of interest in this work when the two detected heavy quarks are of different flavors or, being of the same flavors, are both quark or both antiquarks.
The Feynman diagrams contributing to this process at the leading order are shown in Fig. 3 . The differential cross section is presented, e.g., in Ref. [68] and in our notation takes the form
Here,
, s is the squared center-of-mass energy of the protonproton system and m is the heavy-quark mass; µ F 1 , µ F 2 are both set to m 2 Q + q 2 and α s is also calculated at this scale. The upper and lower limits in the integration over q 2 come from the constraint M 2 ≤ s; in their expression, q 2 min and q 2 max represent the kinematic cuts on the heavy quark/antiquark transverse momentum. There is also a constraint on ∆Y , coming from the requirement that M 2 | q 2 =0 ≤ s, which is however always fulfilled for the values of ∆Y and s considered in the numerical analysis presented below.
3 Numerical analysis
Results
In this Section we present our results for the dependence on the rapidity interval between the two tagged bottom quarks, ∆Y ≡ y 1 − y 2 , of the ϕ-averaged cross section C 0 and of the azimuthal ratios R nm ≡ C n /C m ratios. We fix the m 1,2 masses at the value m b = 4.18 GeV/c 2 [71] . With the idea of matching realistic kinematic configurations, typical of the current and possible future LHC analyses, we integrate the quark transverse momenta in the symmetric range 20 GeV < q 1,2 < 100 GeV, fixing the center-of-mass energy to √ s = 14 TeV and studying the behavior of our observables in the rapidity range 1.5 < ∆Y < 9. Ranges of the transverse momenta of the bottom-jets (b-jets) are typical of CMS analyses [72, 73] .
Pure LLA and NLA BFKL predictions for the ϕ-averaged cross section, C 0 , together with the leading-order pp →cross section, are presented in Table 1 . Results for C 0 and for several azimuthal-correlation ratios, R nm , are shown in Fig. 4 .
As a complementary study (see Fig. 5 ), we present results for C 0 in the case of charmed-jet (c-jet) pair emission (m 1,2 = m c = 1.2 GeV/c 2 ), comparing predictions for the hadroproduction with the ones related to the photoproduction mechanism (see Ref. [66] for details on the theoretical framework and for a recent phenomenological analysis conducted by some of us) in the kinematic configurations typical of the future CLIC linear accelerator, namely 1 GeV < q 1,2 < 10 GeV, √ s = 3 TeV and 1.5 < ∆Y < 10.5.
All calculations are done in the MS scheme.
Numerical strategy and uncertainty estimate
The numerical analysis was done using Jethad, a Fortran code we recently developed, oriented towards the study of inclusive semi-hard processes. In order to perform numerical integrations, Jethad was interfaced with the Cern program library [74] and MS scheme MMHT2014 NLO PDF set with the Cuba integrators [75, 76] , making extensive use of the Vegas [77] and the WGauss [74] integrators. The numerical stability of our predictions was crosschecked using an independent Mathematica code. The gluon PDFs (f g 1,2 ) were calculated via the MMHT2014 NLO PDF parameterization [78] as implemented in the Les Houches Accord PDF Interface (LHAPDF) 6.2.1 [79] , while a two-loop running coupling setup with α s (M Z ) = 0.11707 with dynamic-flavor thresholds was chosen.
The most relevant source of uncertainty, coming from the numerical six-dimensional integration over the variables | q 1 |, | q 2 |, y 1 , ν, x 1 , and x 2 , was directly estimated by Vegas. Other sources of uncertainties, related with the upper cutoff in the ν-and the ∆-integration in Eq. (19) and Eq. (10), respectively, are negligible with respect to the first one. Thus, the error estimates of our predictions are just those given by Vegas. In order to quantify the uncertainty related to the renormalization scale (µ R ) and the factorization one (µ F 1,2 ), we simultaneously vary the square of both of them around their "natural" values, √ s 1 s 2 and s 1,2 respectively, in the range 1/2 to two. The parameter C µ entering Table 1 gives the ratio
Discussion
The inspection of results for the ϕ-averaged cross section, C 0 , in the b-jet pair production case (Table 1 and in the left upper panel of Fig. 4 ) clearly indicates the usual onset of the BFKL dynamics. On the one hand, although the high-energy resummation predicts a growth with energy of the partonic-subprocess cross section, its convolution with parentgluon PDFs (Eq. (26)) leads, as a net effect, to a falloff with ∆Y of both LLA and NLA predictions. On the other hand, next-to-leading corrections to the BFKL kernel become more and more negative when the rapidity distance grows, thus making NLA results steadily lower than pure LLA ones. Data in Table 1 also show that the cross section C 0 is smaller than the reference "box" cross section for small ∆Y ; at larger rapidity differences, however, the BFKL mechanism with the gluonic exchange in the t-channel starts to dominate. We stress, however, that for our two heavy-quark (or two heavy-antiquark) tagged process, the "box" mechanism is not a background.
Azimuthal correlations (remaining panels of Fig. 4 ) are always smaller than one and decrease when ∆Y grows (LLA results are always more decorrelated than NLA ones), as an expected consequence of the larger emission of undetected partons (the X system in Eq. (3)). The cause for this narrowness, with respect to other, recently investigated reactions, such as Mueller-Navelet jet, dihadron or hadron-jet correlations (see, e.g., Refs. [31, 47, 58] ), is straightforward. Since the two detected (anti)quarks stem from distinct vertices (each of them together the respective antiparticle), their transverse momenta are kinematically not constrained at all, even at leading order.
The analysis presented in Fig. 5 for the c-jet pair production unambiguously shows that, at fixed center-of-mass energy and transverse-momentum range, predictions for C 0 in the hadroproduction channel (gg) are several orders of magnitude higher than the corresponding ones in the photoproduction case (γγ). This comes as a result of two competing effects. On one side, from a "rough" comparison between the (gg) impact factor (Eq. (2)) and the (γγ) one (Eq. (2) of Ref. [66] and footnote of Ref. [67] ), it emerges that the two analytic structures are quite similar, the main difference being the fact that, since the photon cannot interact directly with the Reggeized gluon, some terms present in the first case are missing in the second one. In both of the two impact factors there are constants that can be factorized out in the final form of the cross section. Since two heavy-quark impact factors enter the expression of cross sections, one has an overall factor
in the (gg) case and an overall factor
in the (γγ) case, with α em the QED coupling and e c the electric charge of the charm quark in units of the positron charge. The ratio between the two factors is
which would explain the enhancement of the hadroproduction with respect to the photoproduction. On the other side, however, one should take into account the effect of the parent-particle distributions: gluon PDF [78] or EPA photon flux (see Eq. (8) of Ref. [66] ). It is possible to show that the gluon PDF dominates over the photon flux in the moderate-x region, while the second one prevails in the x → 0 + and x → 1 − limits. In the realistic kinematic ranges we have considered in this paper and in Refs. [66, 67] the relevant x-region turns to be just the intermediate one, thus leading to an enhancement of the hadroproduction mechanism with respect to the photoproduction one (see, e.g., Fig. 5) even larger than what suggested by the ratio κ(gg) / (γγ) .
Summary and outlook
We have proposed the inclusive hadroproduction of two heavy quarks separated by a large rapidity interval as a new channel for the investigation of BFKL dynamics. We have performed an all-order resummation of the leading energy logarithms and a resummation of the next-to-leading ones entering the BFKL Green's function. In this approximation, the cross section can be written as the convolution of the partonic cross section for the collision of two gluons producing the two heavy quarks with the respective gluon PDFs.
We have calculated the cross section for this process summed over the relative azimuthal angle of the two tagged quarks and presented results for the azimuthal angle correlations. The behavior of these observables turned to be the usual one, characteristic feature of the onset of the BFKL dynamics. Finally, a comparison between the photoproduction and the hadroproduction mechanism has been carried out.
This process enriches the selection of semi-hard reactions that can be used as probes of the QCD in the high-energy limit, and in particular of the BFKL resummation mechanism, in the kinematic ranges of the LHC and of future hadronic colliders.
Several prospective developments of this work can be planned and afforded. The first one consists in the calculation of the NLO correction to the forward heavy-quark pair impact factor, which would allow for a full NLA BFKL treatment of the process under consideration. The second one is to include into the theoretical analysis the quark fragmentation needed to match, from the theoretical side, the experimental tagging procedure of heavy-quark mesons. Since the photoproduction channel has already been considered (Refs. [66, 67] ), a process of photo/hadro-production (when the first (anti)quark is emitted by a (quasi-)real photon, while the second one stems from a gluon), hybrid with respect to the previous ones, can also be examined. One last idea is to investigate semi-hard channels featuring the emission of a single quark. For instance, one can study the single forward heavy-quark production, convolving the corresponding impact factor with the unintegrated gluon density (UGD) in the proton. The second integral reads 
The third integral can be presented as
iν− 
For the sake of completeness, we show the entire derivation of the fourth integral, defined as
which is the most cumbersome one. The strategy to calculate I 2 (λ) and I 3 is the same. To lighten the notation, it is useful to define α = iν + λ, then the integral can be easily put in the following form:
where l ≡ (i, 1) and the following formula, 
